1 Discrete Tomography

1.1 Reconstruction of binary matrices with prescribed
row and column sums

Exercise 1.1.1 [s there a binary matriz of size 6 X 5 with the row sum vector
R = (ry1,re,73,74,75,76) = (0,2,4,3,3,1),
and column sum vector
S = (s1,82,83,54,85) = (4,3,1,2,3)7?
If yes find such matriz. Is the solution unique?

Solution. The vectors R and S are called compatible if
e 1no element of R is larger than the number of columns,
e no element of S is larger than the number of rows,
e if the sum of the elements of R equals to the sum of the elements of S.

If R and S are not compatible, then there’s no solution of the problem. The
number of rows is 6 and the number of columns is 5 now, hence we can clearly
see that the first two properties hold, and furthermore

6 5
D ri=042+44+3+3+1=13, Y s;=4+3+1+2+3=13,
i=1 Jj=1

thus the vectors R and S are compatible. The maximal matrix corresponding
to the row sum vector R is the matrix, whose first r; elements of the i-th row



equal to 1, while the further elements equal to 0, for each row index 7. Now
the maximal matrix is

— === = O
O R K~ = = O
O R, Pk Pk OO
OO O = OO
S OO O o o

The column sum vector of the maximal matrix is
S = (?1,?2,53,?4,?5) = (5, 4,3,1, 0).
The non-increasing permutation of the column sum vector S is

S = (sﬁ,sé,sg,sﬁl,sg) =(4,3,3,2,1).

There exists a binary matrix with row sum vector R and column sum vector
S if and only if

k k
dsi<> s forallke{1,2,...,5}
j=1 j=1

Furthermore this binary matrix is unique if and only if all the above inequal-
ities are satisfied with equalities. Now
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Hence
k k
! —
> si<Y5
j=1 7j=1

is satisfied for all k£ € {1,2,...,5}, and there exists a binary matrix of size
6 x 5 which has row sum vector R and column sum vector S. This matrix is
not unique, because some of the above inequalities are strict. Now let’s find
a binary matrix with row sum vector R and column sum vector S.

First we start with the maximal matrix A and denote the elements of S’
below the columns. These are the desired column sums. Then the steps of
the method are demonstrated by the following sequence of matrices:

00000 00 00O
11000 11000
11110 11101
A= 1111 00] — J1 1100 —
11100 11100
1 0000 1 0000
4 3 3 21 4 3 3 21
00 00O 00 00O
11000 1 1000
1110 1 1 110 1
11100 — |1 1010 —
11010 1 1010
100 00 1 0000
4 3 3 21 4 3 3 21
00 00O 00 00O
11000 1 1000
1110 1 1 110 1
11010 — J|J]10110]| —
10110 1 0110
1 0000 1 0000
4 3 3 21 4 3 3 21



0 00 O0O
11000
11101
10110
10110
01 00O
4 3 3 21

The steps performed above are the following:

1.

The column sum of the last column of the first matrix is 0, while the
desired values is 1. Thus, we look for the largest column index, which is
before the last column and contains at least one nonzero element. This
is the fourth column. Then we choose an element of the fourth column,
which equals to 1 and the element of last column in the same row is
0. Now there’s only one such element in the fourth column, but later if
there are more options we prefer the 1 with the largest row index. Then
we push this 1 from the fourth column to the last column, leaving it in
the same row. This step doesn’t change the rows sums, but makes the
column sum of the last column equal to the desired number.

Now the last column of the second matrix, which doesn’t have the
desired column sum is the fourth column. Thus, we look for the largest
column index, which is before the fourth column and contains at least
one nonzero element. This is the third column. Then we choose an
element of the third column, which equals to 1 and the element of
fourth column in the same row is 0. Now there are three such elements,
and we choose the last one in the fifth row. Then we push this 1 from
the third column to the fourth column, leaving it in the same row. The
result of this step is the third matrix.

In the third matrix the problem of the fourth column sum is not resolved
yet, thus we repeat the previous step, but this time pushing the fourth
element of the third column to the fourth column.

Now the last column of the fourth matrix, which doesn’t have the de-
sired column sum is the third column. Thus, we look for the largest
column index, which is before the third column and contains at least
one nonzero element. This is the second column. Then we choose an



element of the second column, which equals to 1 and the element of
third column in the same row is 0. Now there are three such elements,
and we choose the last one in the fifth row. Then we push this 1 from
the second column to the third column, leaving it in the same row.

5. In the fifth matrix the problem of the third column sum is not resolved
yet, thus we repeat the previous step, but this time pushing the fourth
element of the second column to the third column.

6. The last column of the sixth matrix, which doesn’t have the desired
column sum is the second column. Then we choose an element of the
first column, which equals to 1 and the element of second column in the
same row is 0. There are three such elements, and we choose the last
one in the sixth row. Then we push this 1 from the first column to the
second column, leaving it in the same row. This step doesn’t change
the rows sums, but makes all the column sums of the matrix equal to
the desired numbers.

Now the last matrix has row sum vector R and column sum vector S’. Let’s
permute the columns to get column sum vector S.

00 00O 00 00O
11000 110 00
11101 11101
1 0110f — (1 0O0T11
10110 10011
0100O0 0100O0
4 3 3 21 4 31 2 3

The matrix on the right has row sum vector R and column sum vector S. m
Exercise 1.1.2 Is there a binary matriz of size 5 x 7 with the row sum vector
R = (r1,re,73,74,75) = (4,3,5,2,4),

and column sum vector
S = (s1, 82, 83, 84, S5, S¢, 57) = (2,4,1,4,3,2,2)?

If yes find such matriz. Is the solution unique?



Solution. No element of R is larger than 7 and no element of S is larger than
5. Furthermore

5 7
2”24+3+5+2+4:18’ Zsj:2+4+1+4+3+2+2=18,
i=1 Jj=1

thus the vectors R and S are compatible. The maximal matrix corresponding
to the row sum vector R is

1111000
1110000
A=|1 1111 0 0
1100000
1111000

The column sum vector of the maximal matrix is
g - (glu §2a 53)547§57 567 57) - (57 57 47 37 17 07 0)
The non-increasing permutation of the column sum vector S is

S" = (s}, s5, s, s}y, 55, 56, 57) = (4,4,3,2,2,2,1).

There exists a binary matrix with row sum vector R and column sum vector
S if and only if

k k
dsi<> s forallke{1,2,...,7}
j=1 j=1

Furthermore this binary matrix is unique if and only if all the above inequal-



ities are satisfied with equalities. Now

1 1
Y. si=s1=4, and } 5 =35 =5,
j=1 , jTI
> s;=8, and ) 3; =10,
Jj=1 Jj=2
3 1
> sy=11, and > 5 =14
Jj=1 Jj=3
4 1
> 8;=13, and > 5; =17,
Jj=1 Jj=4
5 1
> s;=15 and > 5; =18,
Jj=1 Jj=5
5 1
> 8;=17, and > 5; =18,
Jj=1 Jj=5
5 1
> s;=18, and > 5;=18.
Jj=1 Jj=5
Hence
255
Jj=1 Jj=1
is satisfied for all & € {1,2,...,7}, and there exists a binary matrix of size

5 x 7, which has row sum vector R and column sum vector S. This matrix is
not unique, because some of the above inequalities are strict. Now let’s find
a binary matrix with row sum vector R and column sum vector S.

First we start with the maximal matrix A and denote the elements of S’
below the columns. These are the desired column sums. Then the steps of
the method are demonstrated by the following sequence of matrices:
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1110100
1101000
1101011
101 0000
0110110
4 4 3 2 2 21

Now the last matrix has row sum vector R and column sum vector S’. Let’s



permute the columns to get column sum vector S.

1110100 0101101
1101000 1101000
1101011 N 1111010
1010000 0001100
0110110 0100111
4 4 3 2 2 21 2 41 4 3 2 2

[
Exercise 1.1.3 Is there a binary matriz of size 4 X 6 with the row sum vector
R = (r1,re,73,74) = (4,6,3,2),

and column sum vector
S = (s1, 82, 83, 84, S5, 56) = (3,2,4,3,3,0)7
If yes find such matriz. Is the solution unique?

Solution. No element of R is larger than 6 and no element of S is larger than
4. Furthermore

5 7
d ri=4+6+3+2=15 Y s;=3+2+4+3+3+0=15
i=1 J=1

thus the vectors R and S are compatible. The maximal matrix corresponding
to the row sum vector R is

111100
— 111111
A_111000
1100 00

The column sum vector of the maximal matrix is

The non-increasing permutation of the column sum vector S is

S = (s, sh, 85, sy, 55, 56) = (4,3,3,3,2,0).



There exists a binary matrix with row sum vector R and column sum vector
S if and only if

k k
dsi<> 5 forallke{1,2,...,6}
j=1 j=1

Furthermore this binary matrix is unique if and only if all the above inequal-
ities are satisfied with equalities. Now
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j=1 =2

3 1

> 8;=10, and 3 3;=11,
j=1 Jj=3

4 1
>.8;=13, and 3 3;=13,
j=1 Jj=4

5 1
>.8;=15 and 3 3;=14,
j=1 j=5

6 1
>.8;=15 and 3 3;=15,
j=1 j=6

Hence
5 1
! p—
> si>D05
Jj=1 Jj=5

and there’s no binary matrix of size 4 x 6, which has row sum vector R and
column sum vector S. m

Exercise 1.1.4 Is there a binary matriz of size 6 X 6 with the row sum vector
R = (r1,ro,73,74,75,76) = (3,2,4,6,1,3),

and column sum vector
S = (s1, $2, 83, S4, S5, 5¢) = (2,1,5,6,1,4)7

If yes find such matriz. Is the solution unique?
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Solution. No element of R is larger than 6 and no element of S is larger than
6. Furthermore

6 6
D ri=3+2+44+6+1+3=19, > s5=2+1+5+6+1+4=19,
i=1 Jj=1

thus the vectors R and S are compatible. The maximal matrix corresponding
to the row sum vector R is
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OO, P, OO
oo, OO O
OO RO OO

The column sum vector of the maximal matrix is

S = (51,52, 53,54, 55,56) = (6,5,4,2,1,1).
The non-increasing permutation of the column sum vector S is
S = (8’173'2,53, sﬁl,sg,sg) = (6,5,4,2,1,1).

There exists a binary matrix with row sum vector R and column sum vector

S if and only if

k
$i<> 5 forallke{l,2,...,6}

=1 j=1

J

Furthermore this binary matrix is unique if and only if all the above inequal-
ities are satisfied with equalities. Now we see that the vectors S and S’ are
identical, thus the above inequalities are all satisfied with equalities. Hence
there exists a binary matrix of size 6 x 6 which has row sum vector R and
column sum vector S and this matrix is unique. Since the column sum vector
of the maximal matrix is S’, we only need to permute the columns of the
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maximal matrix to find the binary matrix with column sum vector S.

— o= = O
o H O~ D
SO O —H OO
OO - H O O N
I
Coco—oo~—
DS OoO O —H OO
OO H —H O O N
— O = = O = <f
.= - —H O — 0
— = = = = = O

12



