3.4 Series expansion method

The idea behind the series expansion method is that, given the picture re-
gion, we choose a set of basis functions by,b,...,bs, each of which is a
picture function for the given picture region. These must be chosen such that
for any picture function f that we want to reconstruct, there exists a linear
combination of the basis functions that we consider an adequate approxima-
tion of f. If the line integrals of an unknown function f are given along a
set of lines, then we choose a linear combination of the basis functions whose
line integrals along the same lines are as close to the measurements of f as
possible.

There are many possible choices of the basis functions, such as the gener-
alized Kaiser-Bessel window functions, also known as blobs, which are widely
used in X-ray transmission tomography. However, given an m x n uniform
partition of the picture region, another typical choice is the set of character-
istic functions of the pixels. The characteristic function of the pixel R;; is
the function r; ; of two variables defined by

(2.7) 1, if (x,y) € R; ;
T 4\, =
K Y 07 if (:Ca y) ¢ RZ,]

Then a linear combination of these characteristic functions is the picture
function
9= Zij Tij

where z; ; € R. Note that g is nothing but the picture function which takes
the constant value z;; over the pixel R;; for each ¢ € {1,2,...,m} and
j € {1,2,...,n}. Thus the line integral of such function g along any line [
is a linear combination of the variables x; ;, where the coefficient of x;; is
exactly the length of the intersection of [ with the pixel R;;. Making the
measurements of an unknown function f equal to the linear combinations of
the variables z; ;, defined by the line integrals along a given set of lines, we
obtain a system of linear equations. Unfortunately not all picture function
f can be given as a linear combination of the characteristic functions r; ;.
Besides there are different sources of error during the data collection, hence
the system may be unsolvable. In such situation we need to introduce an
extra variable e for each equation of the system, which presents difference
between measurement corresponding to that equation and the line integral of
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the picture function provided by the variables x; ;. Then our task is to find a
solution of the system which minimizes the square sum of the extra variables,

ie. (e1)? + (e2)® + ...+ (ex)>
Example 1

Let R =[0,4] x [0,3], m = 3, n = 4. Then the uniform partition of [0, 4] is
ap =0,a1 =1, a2 =2, a3 = 3, ag = 4 and the uniform partition of [0, 3] is
co=0,c1 =1, cg =2, c3 = 3. These imply the pixels

Rl,l = [0, 1] X [2,3] R2’1 = [0, 1] X [1,2] R371 = [0, 1] X [0, 1]
RLQ = [1,2] X [2,3] Rz,z = [172] X [1,2] R372 = [1,2] X [0, 1]
Rl’g = [2,3] X [2,3] R2’3 = [2,3] X [1,2] R373 = [2,3] X [0, 1]
R174 = [3,4] X [2,3] R2,4 = [374] X [1,2] R374 = [374] X [O, 1]

Consider the following set of lines:

e l1,ls,13,14 are lines parallel to v; = (O 1) and passing through the points
P = (%,O), Po= ( O) Pi3= ( 0) Py = (2,0) respectively.

e [5,lg,l7 are lines parallel to v, = (1,0) and passing through the points
Py = (0, %), Py = (0, %), P53 = (0, %) respectively.

e I3,l9, 110,111,012, 113 are lines parallel to v3 = (1,2) and passing through
the pomts Py = ( ,O) Py = (—%,0), P33 = (%70)7 Pyy = (%70),
P35 = (4,0), Pyg = (ZE’ 0) respectively.
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Let my be the line integral of an unknown function f along line [ for
k=1,2,...,13, where

m1:1, m2:3, m3:0, m4:2
m5:2) m6:27 m7:27

5 5 5 3V5 5
ms:%, m9:§, mio = V5, mn:%, mm:T‘[, mlBZ%-

We try to find the values z;;, such that the function g, which takes the
constant value x;; on the pixel R;; for all i = 1,2,3 and j = 1,2, 3,4, has
the line integrals along the lines I equal to my for all k =1,2,...13.

The line [; intersects the pixels Ri 1, Ra 1, 31, the line [ intersects the
pixels Ry2, R22, R32, the line [3 intersects the pixels R 3, Ro3, R33, and
the line /4 intersects the pixels Ry 4, Ro4, R34. Each time the length of the
intersection is 1. Thus the line integrals of g along the lines l1, lo, I3, [4 are

r11+T21+ 31
T12 + T2+ X32
r1,3+ T23+ 233
T14+ To4+ X34

respectively. The line [5 intersects the pixels Ry 1, R 2, R1,3, 1.4, the line lg
intersects the pixels Rg 1, R22, R2 3, 24, and the line [7 intersects the pixels
R31, R32, R33, R34. Each time the length of the intersection equals to 1.
Thus the line integrals of g along the lines I5, lg, 7 are

11+ T2+ 213+ 214
T2l +X22+ T23+ 224
r31+T32+ 233+ X34

respectively. Furthermore the line lg intersects only the pixel Ry in a line
segment of length %. The line lg intersects the pixels Ry 1, R12, R31 in line

segments of length @, and intersects g 1 in a line segment of length é The
line ;o intersects the pixels Ry2, R13, R3 1, R32 in line segments of length
% and intersects R 2 in a line segment of length é The line /17 intersects
the pixels Ry 3, R14, R32, R33 in line segments of length % and intersects
Rs 3 in a line segment of length % The line /12 intersects the pixels Ry 4,

R3 3, R34 in line segments of length % and intersects R2 4 in a line segment
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of length 5 V5, Finally l;3 intersects only the pixel R34 in a line segment of

length %. Thus the line integrals of g along the lines lg, lg, l10, l11, (12, l13
are

1,1

11+‘[$12+\[$21+I$31

12 + f3613+‘[$22+‘[9631+ \4[3332
1,3 + \4[3314-1-\[9023-1-\[33324- \4[9033
T4+ %562,4+ %963,3 + %963,4

T34

8 8

ettt

respectively. Hence making all these line integrals equal to the corresponding
line integrals of the unknown function f yields the system of equations

T11+T21 +x31=1 )
T12+ T2 +T32=3
13+ 223+ 233=0
T14 + To4 + T34 =2
T1,1+T12+T13+T1 4= 2
o1+ T22 + T23+ To4=2
31+ 232+ 233+ T34=2

\{15£E11+\[$12+\[l‘21+\4[1‘3,1: \ég
\[$12+\[$13+\[w22+\f$31+\4[$3 =5
\[96‘134— ‘4[9614—1- ‘2[$23+\[16‘32+‘4[963,3: \{15

f$14+‘[$24+%$33+%$34—3\4/3

V5 5
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Multiplying each of the last 6 equations by % gives

T11+T21 +x31=1

T12 +x22 +232=3

r13+ 223+ 233=0

T14+T24 + T34 =2

T11+T12+ 213+ T4 =2

T2l + X292 + T23+ Toa=2

31+ x32 + w33+ 134=2

r1,1= 1

T11+ T2+ 2T + 131 = 2
T12+x13+ 2w29 + 231 +x32=4
T13+T14+ 2023+ 32 +233=1
Ti4+ 2204+ 233+ T34=3

€34 = 1

Here the unknowns have double index, so before we write the matrix form
of the above system we need to fix an ordering of the above unknowns. This
can be for example the lexicographic order, where x; ; < xj; holds if ¢ < £,
or i =k and j < [. Hence the ordering is

(1,1, 1,2, 1,3, T1,4, T2,1, T2,2, £2,3, £2,4, T3,1, £3,2, £3,3, £3,4)

Then the above system of equations in matrix form is A - x = b, where

N

|
COoOO0OO0O R OOROOO R
O OO R HF OO OOoORFO
SO R OO OO+~ OFkOoOOo
O R PO OO ook~ OOoOOo
SOOIV OO OO OO
O OO INODODO OO O O
OO N OO+, OOoO kOO
O N OO OO O+, O RO OOo
O OO R FEF O OODOO O -
OO R HOOHOOOOoORO
ORr P OO0 HOOO R OO
—_—_- 0 OO0, OO MFEOOO
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and

T
($1,1 12 1,3 T1,4 2,1 2,2 23 24 T31 3,2 3,3 563,4)

g:

(1302222124131)"

b

The extended coefficient matrix is

—S M O AN AN NN AN M A
SO O A OO 1O OO A
oo T o oo 1000 HA—H O
O 1 O OO OO 4O O HA OO
— O OO OO O O A+ O OO
SO O —H O —H OO OO oA o
OO 141 OO H OO OO ANOOo
O —H OO O —H OO NO OO
— O O OO —H OO NO O OO
SO O —H - OO OO O~ - O
OSSO 41O 4 OO0 OO H - OO
O oo 1000~ +H O OO
— O OO OO —A—- OO OO

This can transformed to reduced row echelon form with Gauss elimination.

The reduced row echelon form is

-1

—1

0

0
1
-1
0
-1
0
1
0
1
0
0
0
0

100 00O0O0O0O
0100O0O0O0O0O
001 0O0O0O0O0OP O
0001O0O0O0OO0OGO
000O0O1O0O0OGO0OFO
000O0O0OT1QO0TO0®O
000O0O0OO0OT1TO0F O
00 00O0OO0OO0OT1@P0
000O0O0OOO0OUO01
00 0O0O0OO0OO0OTOOQ O
000O0O0OO0OO0OTO OO
00 0O0O0OO0OOT OO@ O
000O0O0OO0OO0OO 0O

0 0
-1

-1 0

—1

0
0
0
0
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This shows that we have two free variables x32 and x33. The rest of the
variables can be given as

Z1,1 0 0 1

Z1,2 -1 -1

x1,3 1 0 -1
T1,4 0 1 0

Z21 _ 1 1 . <x372> + -1
Z22 0 1 z33 1

x23 -1 -1 1

To4 0 -1 1

x31 -1 -1 1

T34 0 0 1

This can be arranged in the same manner as in the case of a matrix:

r11=1 Ti2=2—232 — 33 x13=T32—1 T1,4 = T3,3
To1=T32+T33—1 x22=x33+1 T23=1—T32—T33 X24=1—1T33
r31=1—223— 33 X32=1T32 3,3 = 3,3 T34 =1

Now let’s find the non-negative solutions. Then we have the following system
of linear inequalities:

2—w392—w33>0
:13372—120
23320
r32+x33—1>0
r33+1>0
1—2392—2332>0
1—1‘37320
322> 0

Here the fourth and sixth inequalities imply that x32 + 233 —1 = 0, and
hence x3 3 = 1 —x32. This can be substituted into the rest of the inequalities.

1>0
x372—120
1—2322>0
2—wx32>0
232> 0
322> 0
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Here the second and third inequalities together imply that x32 —1 = 0, that
is z32 = 1 and then 233 = 1 — 232 = 0. It’s easy to check that x32 =1 and
x33 = 0 is a solution of the above system of inequalities. Thus substituting
x32 = 1 and z33 = 0 into the solutions of the system of equations gives that
the only non-negative solution is

11 = 1 Tr12= 1 r1,3= 0 T14 = 0
21 = 0 X22= 1 €23 = 0 €24 = 1
231=0 x32=1 2x33=0 x34=1

Example 2

Let R =[0,4] x [0,3], m = 3, n = 4. Then the uniform partition of [0, 4] is
apg=0,a; =1, a3 =2, a3 = 3, ag = 4 and the uniform partition of [0, 3] is
cog=0,c1 =1, cg =2, cg = 3. These imply the pixels

R171 [0, 1] X [2,3] Rg,l = [0, 1] X [1,2} R371 = [0, 1] X [O, 1]
Rip=1[1,2] x[2,3] Ro2=1[1,2] x[1,2] Rsz2=1[1,2] x[0,1]
R173 = [2,3] X [2,3] R273 = [2,3] X [1,2} R373 = [2,3] X [0, 1]
Ri4=1[3,4 x[2,3] Roa=1[3,4] x[1,2] R34 =[3,4] x[0,1]
Consider the following set of lines:
® [1,l2,13,14,15 are lines passing through the point P, = (%, %) and par-

allel to the vectors vy ; = (1,-1), v35 = (3,-1), v13 = (1,0), v1 4 =
(3,1), v1 5 = (1,1) respectively.

e g, l7,ls,1lg, 1o are lines passing through the point P, = (2,4) and paral-
lel to the vectors vy = (1,1), 099 = (3,5), vy3 = (1,7), v4 = (1, =7),
vy 5 = (3, —5) respectively.

e l11,0l19,113,114,115 are lines passing through the point P3 = (4,3) and
parallel to the vectors vy, = (5,1), v35 = (5,3), v33 = (1,1), v34 =
(3,5), v3 5 = (1,5) respectively.
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Let my be the line integral of an unknown function f along line [ for

k=1,2,...,15, where

2/10 210
my =0, m2 = —3—, m3 =3, myg = —3— 77”05:\/§
34 10v/2 5v2 4/31
me = 0, my = -Y5-, mg= %f, mg:‘[ mio = 5
V26 2/34 34 21/26
mip = Y28, mip =2 mig =2, muy =Y mis = 2%

We try to find the values z;;, such that the function g, which takes the
constant value x; ; on the pixel R;; for all i« = 1,2,3 and j = 1,2, 3,4, has
the line integrals along the lines I equal to my for all k =1,2,...15.

e The line /1 intersects only the pixel R; 4 and the length of the intersec-

tion is v/2.

e The line /5 intersects the pixels Ry 1, R12, R13, R24. The length of the

intersection equals to

V10

Y= in each case.

e The line l3 intersects the pixels Ra 1, R22, R2 3, R24. The length of the
intersection equals to 1 in each case.

e The line l4 intersects the pixels R3 1, R32, R33, R24. The length of the

intersection equals to

—V?}O in each case.
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e The line /5 intersects only the pixel R34 and the length of the intersec-

tion is V2.

e The line /g intersects only the pixel R;; and the length of the intersec-

tion is v/2.

e The line /7 intersects the pixels Ry 1, Ri2, R21, R31. The lengths of

\/QQWfW

5 s ) 5 ,respectively.

the intersections are

e The line lg intersects the pixels Rj2, R22, R32. The length of the
5\f

intersection equals to in each case.

e The line lg intersects the pixels Ri3, R23, R33. The length of the

5f

intersection equals to in each case.

e The line Iy intersects the pixels Ry 3, R14, R24, R34. The lengths of

\/?ﬁ%ff\f

the intersections are ==, ={=-, » "1 0

respectively.

e The line /7 intersects the pixels Ry 1, 212, R13, R24. The length of
V26
5

the intersection equals to in each case.

e The line /12 intersects the pixels R13, R14, R21, Ro2, R23, R31. The

lengths of the intersections are 2v34 L, V34 @, V31 2v34 respec-

15 15 15 >
tively.

e The line I3 intersects the pixels R4, Ra3, R32. The length of the
intersection equals to v/2 in each case.

e The line /14 intersects the pixels Ry 4, R23, R24, R33. The lengths of

ffmﬁf

the intersections are s g5 T respectively.

e The line l15 intersects the pixels Ri4, R4, R34. The length of the

V26

5 in each case.

intersection equals to

Hence making all the line integrals of g equal to the corresponding line



integrals of the unknown function f yields the system of equations

V2z14=0
@»”Ul,l + @xl,z + ‘ﬁ 3+ ‘ﬁ$24— QTm
$21+x22+a¢23+m274:3
@$3,1+\ﬁ$ 2+r$33+\ﬁ$24—27m
V2u34= 2
V2211=0
V3 23 4 Y3, 3, - V3l
5\[$ 2+5f 2+5\[£U32—L%/5
5\[5613+5f$23+5‘7[3633—¥
%m:ﬁ-zréﬁ 4-1-\ﬁf1324+‘/;31534—%;E
Y205 4 Y25 o4 Y2y 54 Y25, , — VI
2B o Vg g By VB By 2B, 2
\fx174+\f:c23+\f$32—\/§
\g$14+‘ﬁ 2,3 + ‘ﬁ %—\ﬁﬂfzaza—\/Tg71
gﬂcm—i-r +r$34—@ J

Here we multiply the the first equation by %, the second equation by \/ifo’
the fourth equation by %, the fifth and sixth equations by %, the seventh
equation by - \ﬁ, the eighth and ninth equations by f’ the tenth equation by
\}%, the eleventh equation by \/%, the twelfth equation by - f’ the thirteenth
equation by %, the fourteenth equation by \}%, and the fifteenth equation
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by \/%. Then all coefficients of the system are integers.

$174 =0

T11+T12+ 21,3+ Tog=2
To1+ T22 +Ta3+T24=3
31 + 32+ 133+ To4=2
€34 = 1

Tr1,1= 0

11+ 2212 + 3221 + 231 =3
12+ T22 + T32=2

13+ we3+r33=1

13+ 2014 + 3224 + 234 =4
11+ T12+T13+T04=1
2013+ 3x14 + 221 + 3222 + 223+ 2231 =06
T14+ w23+ w32=1

313174 + x23 + 21‘274 + 31’3,3 =3
T1,4+ To24 +T34=2

Assuming lexicographic order of the variables the extended coefficient matrix
is

/_\

=

=
SO OO OO0, H,HFOOO O
OO OO OO NOOOO O
OO O N FHF NP, OOOOoOOoOOo—Oo
_ W WHHE PP OOOOoOOoOOo oo =
SO O OO OO WwWwWo oo oo
O OO WODOOHOODODO OO
O R PP OO, OOODODOOoOH+~HOO
RN O OO WoOoOoOoOoOoO R F—H=RFO
O OO N OO OO H OO OOO
OO H OO O R OO +-HOOO
O WO ODOOH OODDODOHFHOOO
_— O OO OO R OO RO OOoOo
N WHR OO AR FRFNDWORFRNWDNDO
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If we transform it into reduced row echelon form with the help of Gaussian
elimination, then we get

[an}

OO DD DO DD DD DD DODDODOD OO OO
sl elalBalaleoleolBeolololehel =R
= elelaoleolBeoloBoeololeoRel S ==l
(=N eleleolBeoBeoNeoNeoNeNel ==l
DO OO DO OO OO OO O oo
OO DD DD DD OO, OO0 O oo
O DO DD DD O ODDODODO OO o
OO OO OO R OO OOOoO o oo
DO DD OO R OO ODOOOoO o oo
OO OO R OO ODODODODO OO oo
O OO H O OO OOO OO o oo
O OO R OO R MFEMEEFOOO O

B eoleoBeoNeoNeoleoNeoEeoEeololeoN el S

Each column contains a pivot element except the last one, which means the
system is solvable, and has a unique solution. This solution is

xr1,1= 0 Tr12= 1 xr1,3= 0 T14= 0
€21 = 0 €22 = 1 €23 = 1 24 = 1
56371 =1 £C372 =0 £C373 =0 563’4 =1
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