2.3 Systems of linear inequalities

A linear inequality for the unknowns (or variables) z1,z2,23,...2, is in-
equaltilty, where a linear combination of x1,zs,...z, is less than or larger
than a constant. If the coefficients in the linear combination are a1, as, . .., @y,
and the constant is b, then the linear inequality is

a1xy1 + asxo +agxrs + ... +Fapr, <b

or
a1r1 + axre + azxz + ...+ apTy, > b

For the sake of simplicity we deal only with inequalities where equality is
allowed (i.e. less than or equal, larger or equal). Note that a greater-or-equal-
type inequality can be transformed to a less-than-or-equal-type inequality
by multiplying it with (—1). Thus it’s enough to deal with linear inequalities
where a linear combination of the unknowns is less than or equal to a constant.
A system of m linear inequalities for the unknowns x1, z9, x3, ...z, is of the
following form.

a11x1 + ajare + . .. + a1px, < by
a2121 + a2 + ... + a2,y < by

Am1%1 + Ama®2 + ..+ Gy < by

The coeflicients in the above system naturally define a matrix of size m x n,

a1l a2 ... Qln

al ago e aon
A=

Aml Am2 ... Qmn

which is called the coefficient matrix of the system. If x denotes the column
vector containing the unknowns and b denotes the column vector containing
the the right-hand-side constants, then the matrix form of the system of
inequalities is

A-2<b

where the column vector A - x is less than or equal to the column vector
b if each entry of A -z is less than or equal to the corresponding entry of
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b. Solving systems of linear inequalities can be quite challenging. Even the
decision problem whether a given system has a solution or not is just com-
plicated as a linear programming problem. The linear programming problem
is to minimize (or maximize) a given linear combination of the unknowns
under linear equality and inequality constraints. There are computationally
efficient algorithms to solve linear programming problems, such as simplex
method or interior point method, but the presentation of these algorithms is
way beyond the scope of this text. Instead, we would like to introduce two
methods which are much more simple to describe and can be used to solve
small systems linear inequalities. These are the graphical solution method
and Fourier-Motzkin elimination. Although the simplex method and interior
point method are efficient for large system of inequalities, they are designed
to find only one optimal solution and they’re unable to find all the solutions of
the system. An advantage of graphical solution method and Fourier-Motzkin
elimination is that it’s possible to give all solutions of the system with the
help of them.

2.3.1 Graphical solution method

The graphical solution method can be applied to a system of linear inequal-
ities for two variables. The unknowns in this situation are typically denoted
by x and y instead of x1 and 2. The idea behind this method is that the set
of points in the plane whose Cartesian coordinates (x,y) satisfy the linear
equation ajz + agy = b is a line which is perpendicular to the vector (aq, as2).
The set of points in the plane whose Cartesian coordinates (z,y) satisfy the
linear inequality a1z 4+ aoy < b is a closed half-plane bounded by the line
a1x + agy = b. More precisely the linear inequality a1z 4+ a2y < b determines
the opposite of the half-plane where the vector (ai,as) points to. Thus the
closed half-plane determined by aijz + aoy < b can be presented in a figure
by drawing the line a;x + asy = b and a vector (more precisely a directed
line segment) with the same direction as (—aj, —a2) and initial point on the
line a1x + asy = b.

The pair of real numbers (z,y) is a solution of the system of linear inequal-
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ities

anz + appy < by
a21% + a2y < ba

Am1T + am2y < by,

if and only if the point in the plane with Cartesian coordinates is in the
intersection of all half-planes determined by the inequalities in the system.
Thus it’s enough to present all the half-planes determined by the inequalities
in the system and look for their intersection.

Example 1.

T+ 2y <10

r—5y< —4
-3z +y< -2

r+y<l11
—3r—y<0

The line x + 2y = 10 can be drawn easily if we find two points of it. A point
of the line can be found by substituting an arbitrary value to x or y and then
solve the equation for the other variable. Let’s choose now & = 0. Then y
must satisfy 0 + 2y = 10, which gives y = 5. This means (0,5) is a point of
the line x 4+ 2y = 10. If we choose y = 0, then z must satisfy x + 2 - 0 = 10,
which gives z = 10. This means (10, 0) is a point of the line 42y = 10. Thus
x + 2y = 10 is the line which passes through the points (0,5) and (10,0). The
closed half-plane determined by x + 2y < 10 can be presented by drawing
(besides the corresponding line) a vector with the same direction as (—1, —2)
and initial point on the line x + 2y = 10. The rest of the half-planes are
presented in a similar way.
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We can see that the system is solvable and the set of solutions is a triangle
(shaded area in the figure). We also found that the inequalities x +y < 11
and —3z —y < 0 are redundant, which means that the set of solutions doesn’t
change if we omit these inequalities from the system. The triangle is bounded
from below by the line z — 5y = —4 and bounded from above by the lines
—3z+y = —2 and z+2y = 10. We can rearrange the inequality corresponding
to the lower bounding line as %x—i—% < y and we can rearrange the inequalities
corresponding to the upper bounding lines as y < 3z — 2 and y < —%CL‘ + 5.
Furthermore we can see that the first component of any point in the triangle is

between 1 and 6. Thus the set of solutions can be algebraically characterized
as the set of points in the plane whose Cartesian coordinates (z,y) satisfy

1<x<6
%z+§§y§min{3$—2,—%x+5}

We can go even further and say 3z — 2 < —%x + 5 is satisfied if and only
if x < 2, hence the set of solutions is the set of points in the plane whose
Cartesian coordinates (z,y) satisfy

1<z<2 2< <6
tr+d<y<3z-2 fr+3<y<—gz+5

Geometrically this mean we cut the triangle into two pieces with the help of
the vertical line x = 2 and say a point presents a solution if it’s an element
of the left-hand-part or an element of the right-hand-part.
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Example 2.

r—5y<6
—3r+y< —4
—3r—y< -2
—4z +5y<10

The half-planes determined by the inequalities in the system are presented
in a similar way as in Example 1. above.

We can see that the system is solvable, but this time the set of solutions
is an unbounded area in the plane (shaded in the figure). We find that the
inequality —3z — y < —2 is redundant. The set of solutions is bounded from
below by the line z — 5y = 6 and bounded from above by the lines -3z +y =
—4 and —4x + 5y = 10. We can rearrange the inequality corresponding to
the lower bounding line as %w — g < y and we can rearrange the inequalities
corresponding to the upper bounding lines as y < 3x — 4 and y < %:c + 2.
The first component of any point in the set of solutions is larger than 1. Thus
the set of solutions can be algebraically described as the set of points in the

plane whose Cartesian coordinates (x,y) satisfy

1<z <+
%x—ggygmin{3x—4,§x+2}
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Here 3z — 4 < %ZE + 2 is satisfied if and only if z < :1)’(1], hence the set of

solutions is the set of points in the plane whose Cartesian coordinates (x,y)

satisfy
1<z <39 N <z <400
1o S« y<3r—4 or 1 b py<idry9
5 5> YS90 L — 5 Sy S Ert
Example 3.
r+y<4
20 — 3y < =7
Sr + 2y < 17
—3z+y<0

The half-planes determined by the inequalities in the system are presented
in a similar way as in Example 1.

1 2 3)§ 5 6

We can see that the system is solvable, but this time the set of solutions
contains only the single point (1,3). We find that the inequality 5z 42y < 17
is redundant. To prove algebraically that there’s no solution besides the point
(1,3), let’s express y from all the relevant (i.e. non-redundant) inequalities.
Then we have

y<-x+4
fr+i<y
y <3z
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This shows that

2 7
§x+§ <y <min{-z+4,3z}

but this can satisfied only if the following two inequalities hold.
%:c + % <-x+4

These can be rearranged as

and then

The only solution of the above system is x = 1. Substituting this back into
the last system which contained y gives

which shows that y = 3. Thus the only solution is clearly (z,y) = (1, 3).

Example 4.

3 — 4y < -8
—x—3y< —6
5t + 3y < 12
—2z4+7y<A4

The half-planes determined by the inequalities in the system are presented
in the following figure.
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We can see that the system is has no solution, as no point of the intersection
of the half-planes determined by the first three inequalities is an element of
the half-plane determined by the last inequality. To see this algebraically,
let’s express y from all inequalities. Then we have

%x+2§y
—tz+2<y
yS—§m+4
y<Z2z+3

This shows that

3 +2 L +2, <y <mi E +4 2 +4
m - —= min< —= = =
axq o r+2, - <y< Tt ort

but this can satisfied only if the following four inequalities hold.

dr+2<-Sx+4

Sr+2<2z+1
—%ZE—FQS—%’E-{—KL
—lx+2§%x+%
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These can be rearranged as

%m <2
Bo<-Y
Jr<2
—pe< -7
and then
24

8 8 8 8
IV IA A IA
&

Here % <land1l< i’—g, hence there’s no x € R which could satisfy the above
inequalities.

2.3.2 Fourier-Motzkin elimination

The graphical solution method is a good tool to visualize the set of solu-
tions of a system of linear inequalities. We can also easily find the redundant
inequalities in the system with the help of it. However sometimes we need
to apply an algebraic approach for example when the lines corresponding to
the inequalities intersect each other in points which are very close to each
other. In some cases it’s hard to make a decision upon the graphical image
whether an intersection point of two lines is an element of a third line or not.
Furthermore the graphical solution method can be applied to systems with
only two unknowns. We could develop an extended version for the case of
three unknowns since inequalities can be visualized then as half-spaces of the
three dimensional coordinate space, but the shape of the intersection of such
half-spaces can be very complicated and hard to find a good projection onto
the plane. Besides there’s no hope to visualize inequalities when the num-
ber unknowns is larger than 3, since these could be presented only in higher
dimensional spaces.

Now we introduce an algebraical approach to find all the solutions of a sys-
tem of linear inequalities. This method was first developed by French mathe-
matician J.B.J. Fourier in 1826 and later T. S. Motzkin rediscovered it in 1936
to solve linear programming problems, and hence the method is named af-
ter them. The Fourier-Motzkin elimination method eliminates the unknowns
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from the system one-by-one until only one unknown is left. Then it can be
easily told whether the system is solvable or not, and what’s the possible
range of that single unknown when the system is solvable. After that the
possible values of the variables can be substituted back step-by-step to find
all the solutions of the system. Now we first show how to eliminate the last
unknown from any system and then this can be repeated until it’s necessary
and only one unknown is left.
Consider the following system of linear inequalities:

a1y + a19r2 + ... + a1z, < by
a1 + agre + ... + agpxy < by

Am1T1 + AmaT2 + ...+ ApnTy < by

We can collect here first those inequalities where the coefficient of x,, is posi-
tive, then collect the those inequalities where the coefficient of x,, is negative,
and finally collect those where the coefficient of x,, is zero (i.e. =, is miss-
ing). Assume that the above system is already in this form, that is there are
non-negative integers 0 < k <! < m such that

ain >0 for all i €{1,2,...,k}
ain < 0 forall ie{k+1,k+2,...,0}
ain =0 forall ie{l+1,l+2,...,m}

In other words the coeflicient of z,, is positive in the first k& inequalities,
negative in the next [ — k inequalities, and zero in the rest of the inequalities.

a1121 + a12T2 + ... + a1 pxy < by

a2121 + a2272 + ... + agp®y < by

ap121 + agoZs + ... + apptn < bi
k41121 + Q1222 + ..o+ Ay 10 Tn < brg1

aj1x1 + ajora + ...+ appnxy, < by
41171 + ap12%2 + oo+ Q1 pTn < by

Am1T1 + Qo2 + ...+ ATy < by,
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This can be rearranged then as

b a2, _ Gin-1 \
Tn S Aln alnxl allnaj2 U aln Tn—1
< b a1, G, G2n-1
Tn = a2mn az2mn a2n$2 an Tn—1
bk ak1 . Gk2 . _ Qkn—1
IL’nS Ak n aknaj aknx2 Ak n n—1
b1 Aky11 aky12 Gktin—1
— — — . ===y, 1 <
Gkt1n ak+1nx ak+1nx Akt1n In—1 = In
by a1 a2 Ajn—1
4 Al — L2y — - =, 1<z
A n apn 1 Apn 2 A n n-1 =%n
Q41171 + arp12%2 + oo+ Qy1n-1Tn-1 < big
Am 171 + Am2T2 + ..+ G121 < by

Let’s see the following cases.

1.
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If all coefficients of x,, are zero (i.e. k =1 = 0 and z,, is missing from
each inequality), then x,, may take any value independently of the values
of the other unknowns, however the system can be still unsolvable.

. If the coefficients of z,, are positive in all inequalities of the system (i.e.

k =1 = m), then we have only upper bounds for x,. In this situation
we can choose arbitrary values for z1,xo,...,x,_1 and then x, must
be not larger than the minimum of the upper bounds, which can be
computed after substituting the values of x1,za,..., xp_1.

. If the coefficients of x, are negative in all inequalities of the system

(i.e. K =0 and [ = m), then we have only lower bounds for z,. In this

situation we can choose arbitrary values for x1,zo,...,x,—1 and then
2 must be not less than the maximum of the lower bounds, which can
be computed after substituting the values of x1,xo,...,Tp_1.

If the coefficients of x,, are positive or zero (but not negative) in all
inequalities of the system (i.e. k =1 < m), then we have to find the set



of solutions of the system

aj1z1 +aper2 + .o app—1T,-1 < by
A41171 + 41222 + -+ Q1 p—1Tn—1 < b4

Am1T1 + A 2T2 + ...+ App—1Tp—1 < by

If there’s a solution, then z,, must be not larger than the minimum of
the upper bounds, which can computed with the help of the solutions
of the above system.

5. If the coefficients of z,, are negative or zero (but not positive) in all
inequalities of the system (i.e. k =0 and 0 < [ < m), then we have to
find the set of solutions of the system

ap171 +aper2+ .o a_1Ta-1 < by
41171 + app12%2 + oo+ Qp1n—1Tn-1 < big

Am1T1 + A 2T2 + ..o+ An—1Tn—1 < by

If there’s a solution, then x,, must be not less than the maximum of
the lower bounds, which can computed with the help of the solutions
of the above system.

6. If there are both positive and negative coefficients of x, in the system
(ie. 0 < k < I < m), then we have both upper and lower bounds
for x,,. Thus x, must be not larger than the minimum of the upper
bounds and not less than the maximum of the lower bounds. We can
choose a value for z,, if and only if the maximum of the lower bounds is
less then or equal to the minimum of the upper bounds. This property
holds exactly when every lower bound for x,, is not larger than any of
the upper bounds. This yields to a system of inequalities together with
those where the coefficient of x,, is zero if there’s any. This new system
contains only the unknowns 1, xo,...,Z,_1. A solution of that system
can be substituted back to get the lower and upper bound for z,,.

Now we discuss what to do when only one unknown is left. Assume we
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have system

ar1z1 < by
az171 < bo

ar121 < by,
k41121 < bry1

aj1z1 < by
aj+11271 < by

am 121 < by

where

a1 >0 if ie{l,2,...,k}
a1 <0 if ie{k+1,k+2,...,0l}
a1 =0 ifiE{l—i-l,l-i—Q,...,m}

The later means we possibly have inequalities of the form 0 < b;. Such in-
equalities can be produced during the preceding steps. If there’s at least one
i€ {l+1,1+2,...,m} such that b; < 0, then the system has no solution.
Otherwise those inequalities are irrelevant and it’s enough to treat the first [
inequalities.
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1. If the coefficients of x; are positive in all inequalities of the system,

then we have only upper bounds for x,. In this situation the system
is solvable and the only restriction for x; is that it must be not larger
than the minimum of the upper bounds.

. If the coefficients of x1 are negative in all inequalities of the system,

then we have only lower bounds for x;. In this situation the system is
solvable and the only restriction for z; is that it must be not less than
the maximum of the lower bounds.

. If there are both positive and negative coefficients of x1 in the system,

then we have both upper and lower bounds for 1. Thus 27 must be
not larger than the minimum of the upper bounds and not less than
the maximum of the lower bounds. We can choose a value for x; if and
only if the maximum of the lower bounds is less then or equal to the
minimum of the upper bounds. Otherwise the system is unsolvable.



Now can solve any system of linear inequalities with the help of the above
procedure. The drawback of the Fourier-Motzkin elimination method is that
the number of inequalities can exponentially grow during the procedure, thus
we can use it for systems with relatively few inequalities.

Example 1.

3x1 — 22 + 2203 < —2

1 —3x2+23<6

41 + a9 —ax3< —1
—x1 + 229 — 3x3< 0

Here the coefficients of x3 are positive in the first and second inequalities,
and negative in the third and fourth inequalities. Now we rearrange them to
get lower and upper bounds for x3.

x3< =3z 4 g00— 1
r3< —x1 + 322+ 6
41+ a9+ 1 <ux3
—%$1+%$2 <x3

Thus

1 2 3 1
max {43:1 4+ a9+ 1, —gxl + 3332} < r3 < min {—2x1 + 51:2 —1,—xy 4+ 3z + 6}

The system may have a solution only if each lower bound for x3 is not larger
than any of the upper bounds. Hence we need to find the set of solutions of

the system
41+ x99+ 1< —%$1+%x2—1

dry + 29+ 1< —21+ 329+ 6
—tx1 4 31 < —Swy + grp — 1
1z + 220 <~z + 322 + 6
Let’s transform it into standard form.
Hay 4 jop < -2
51 — 220 < 5
go1+ gr2 < —1

2 7
gi[fl — gl’QS 6
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Collect the those inequalities first where the coefficient of x5 is positive.

Sag+ jap < -2
o+ iza<—1
5x1 — 2290 <5

2 7
gl’l — ngS 6

Here the coefficients of x5 are positive in the first and second inequalities, and
negative in the third and fourth inequalities. Rearrange them to get lower and
upper bounds for x».

o< —1lx; — 4
X9 § —7$1 —6

Sry— 5 <o

2
2 18
781 — 7 ST2

Thus

5 5 2 18
max {2x1 ~ 5 ?xl — 7} <zy <min{-11lz; — 4,-7z; — 6}
The system may have a solution only if each lower bound for x5 is not larger
than any of the upper bounds. Hence we need to find the set of solutions of
the system
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Let’s transform it into standard form.
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Here all coefficients of x1 are positive, hence we have only upper bound for
x1, but no lower bound. The upper bounds are

<-4
$1§—r79
SUlﬁf%
< —%

Thus
1 7 10 8 } 8

< mi —_—_———, —— [
xl—mm{ 9’ 19 79 17 17

Finally we see that the solutions of the system are those triples (z1, 22, z3)
which satisfy

—00 <11 < —%
max {%xl — g, %xl - %} <z <min{-1lx; — 4, -7z, — 6}

max {43:1 + a0+ 1, —%xl + %1'2} <ax3< min{—%xl + %$2 —1,—x1 + 3z + 6}

To give one solution let’s choose x1 = —1 first. Then

7
that is
20 < <1
—— <z
- 2
Let’s choose x9 = —1. Then
1 .
max ¢ —4, —3 < z3 <min{0,4},
that is

1
—gﬁxlﬁo

Finally choose x3 = 0. This shows that (—1,—1,0) is a solution of the system.

Example 2.
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T+ 229 — 3x3 + 4wy < =7
1+ a9+ 23 — x4 <8
T+ 2o +x3—314< 4

—$1—2$2—5L‘4§1
3x1 + 220 +23< 4
—x14+222<5

Here the coefficient of x4 is positive in the first inequality, they are negative
in the second, third and fourth inequalities, and zero in the fifth and sixth in-
equalities. Rearrange the first four inequalities to get lower and upper bounds
for x4.

T4 S —ia:l - %xg + %xg—% )

T+ xo + 223 —8 <4

3T+ $x2 + 33 — 3 <4

—Xr1 — 21‘2 S Ty

3x1 +2x9 +x3 <4

—x1 + 229 <5
Thus
+ a2+ 2 81 +1 +1 4 2 13 <
max-< T x T3 — 8, =1 —x —x3 — —, —T1] — 229 — x
1 2 3 R R A A 2 71
and
1 1 3 7
Ty < ——X1 — T2+ T3 —

4 2 4 4

The system may have a solution only if each lower bound for x4 is not larger
than any of the upper bounds. Hence we need to find the set of solutions of
the system

$1+l’2+21’3—8§—%Iﬂl—%l‘g—l—%xg—g
1 1 1 4 1 1 3 7
321+ 3%2 + 323 — 3 < — 41 — T2+ 7w3 — g
—x1—2x2—1§—%x1—§x2+%x3—£
3x1 +2x9 +x3< 4
—x1+229< 5
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Let’s transform it into standard form.
b1+ 3o+ 2u3< B
%xl + %.732 — %:Iig < -
—3x) — 19 — Sw3 < —
311+ 229 +23< 4
—x1+222<5

N[V L—ﬂg‘w

Collect the those equations first where the coefficient of x5 is positive.

5 3 5 25
1$1+§$2+1$3§ y
311+ 229 +23< 4
7 5 5 5
ﬁf]ﬁl + 61.2 — ﬁx3 S —1z
3 3 3 3
—i%T1 — 5T2 — {¥3S —

—x1+222<5

W~

Here the coefficients of x3 are positive in the first and second inequalities,
negative in the third and fourth inequalities, and zero in the fifth inequality.
Rearrange them to get lower and upper bounds for 3.

$3§—$1—gw2+5

r3< —3x1 — 219+ 4
a1+ 220 + 1 <y
—x1 —2x9+ 1 <xj3
—x1+229< 5

Thus

7 6
max{5x1 + 229 + 1, —x1 — 229 + 1} <z3< min{xl — 5x2 + 5, =311 — 224 +4}

The system may have a solution only if each lower bound for x5 is not larger
than any of the upper bounds. Hence we need to find the set of solutions of
the system

Ton+2m9+1< —01 — Swa 45

foy+ 200+ 1< =301 — 229+ 4

—x1—2x2+1§—$1—ga¢2+5

—x1 — 220+ 1< =321 — 229+ 4
—x1+229< 5

53



Let’s transform it into standard form.

152a:1 + By <4
§$1 +4w2< 3
—%xgg 4
201 < 3
—x1+229< 5

Collect the equations upon the coefficients of xs.

51, —|—16LL‘2<4
%$1+4$2§3
—x1+222<5
—%ZL‘QSZL
2.%‘1§3

Here the coefficients of x5 are positive in the first three inequalities, negative
in the fourth inequality, and zero in the fifth. Rearrange them to get lower
and upper bounds for xs.

3 5
g < —3T1 + Z
11

x2 < — $1+4
x9 < §x1+g
—5§l’2
2$1§3

Thus

-5 < 29 < min —§x —|—§—E 313: +5
== AT T et g

The system may have a solution only if each lower bound for x9 is not larger
than any of the upper bounds. Hence we need to find the set of solutions of

the system
—5< —§x1 + %

—5< — 11561+4
-5< §-T1 +g
2.%'1§3
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Let’s transform it into standard form.

3

121 <
11 23
001 F

—fr <

2$1§3

=8

Collect the equations upon the coefficients of z;.
3 25
ST

11 23
oS T
21,‘1 S 3

1 15
—351 < 5

Rearrange the inequalities to get lower and upper bounds for .

$1§%
xlﬁ%
HJlS%
—15 <
Thus
—15 < 29 < min 22&% —§
=72 = 3°22°2[ 2

Finally we see that the solutions of the system are those (z1, 2, 3, z4) which
satisfy

—15 <@ < 3

5 <ap<min (o + 3 He+ 3 de 4 )
max{%xl +2x0 4+ 1, —21 — 229 + 1} <z3< min{—xl — gxg + 5, —3x1 — 229 +4}
max{xl+x2+2x3—8,%x1+%x2+%3:3 —%7—961—2@—1} < x4

1 1 3 7
Ty < —301 — 5T2+ JT3 — g

To give one solution let’s choose 1 = 1 first. Then

5 < < mi L ’ 3
< 72 Smin 5, 50"
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that is

7
_5< < _
bS!S g
Let’s choose x5 = —1. Then
2 26
max< —,2» <zxg<minq—,3p,
5 5
that is
2 S I3 § 3

Let’s choose x3 = 2. Then
2
max{—4,—3,0} < x4 <0,

that is
0<z4<0

Now we don’t have a choice for x4, since it must equal to zero. This shows
that (1,—1,2,0) is a solution of the system.
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