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Syllabus

Remark 1.
The law of large numbers
Let be a series of independent two by two random variables X;,X,,...X,, which admit finite mean values and bounded

dispersions:

X1, X5, .., Xp ad. M(X),) < oVk € N %,D?(X;) < ¢ < oo, Yke N*,c>0 then:

1on almost sure 1 n . 1on 1an
n_y X S YR MK, LimP (230 X — 230, M(X)| <€) =1, vkeN* (2)

n—-oo

1)

Particular cases:
] 1 @n almost sure
A. If the random variables have the same mean: M(X,)=m, vk e N*, ~2k=1Xk >m

B. If the random variables are Bernoulli type:
Xy = <219 2>,p,q >0, p+tq=1=>M(Xy) =p,Vk € N,%ZLle

almost sure

1 ©
D (3) o fr= 2Ny X £y 2025

Central-limit theorem
Let be (X,) - @ series of independent two by two random variables, which admit finite mean values and bounded

dispersions:
YR Xk — Y M(xy) Trepartition(n—w)

/2}2;1 D?(Xy)

N(0,1).
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Remark 2.
X € N(0,1), is the random variable having a normalized normal distribution if the distribution density is defined by:

x2
px(x) = \/%e ~2,Vx €ER.
Its cumulative distribution function is:
1 _+2
F(x)=P(X <x) = [, f(t)dt = Efje t/2dt = ¢(x),Vx € R.
where ¢(x) is Laplace function having the following properties:

®(0) = 0, functie tabelata; p(—x) =1 — d(x); () = % @(—0) = %

Error function is defined as erf(x) = \/%foxe‘tzdt,Vx € R and express the probability of a random variable, with normal

distribution of mean 0 and variance 1/2 falling in the range [-x, x]. ¢p(x) = % [1+ erf (%)]

Remark 3.

From the analytical form of the normal distribution function results the impossibility of explicitly solving an equation of form
F(x)=y. This leads to the development of special methods for evaluating the solution x = F(y). One of these methods is based
on the Proposition:

Proposition 1
If U and V are 2 independent random variables, uniform distributed in the interval [0,1], then the random variables:

X=,-2-In(U) -cos2n-V); Y =/=2-In(U) -sin(2n - V)

are independent and normal distributed, with mean m = 0 and mean square deviation c>=1.
2
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For Z normal standard distribution, X = o Z + m is the cumulative normal distibuion function with mean m= 0 and ¢ = 1:

P(m—-ko < X<m+ko) =P(-k<Z<k)=20(k) -1
For k=3 we have:
P[m-3c < X <m+3c] = 0.997, meaning thet 99,7% values of the function Z are in the interval.

Exemples of distribuions functions

1. Normal distribution with parameters m ands?2, X ~ N(m,o?); X~N(m,o?) = X=m

~ N(0,1)

0.4

0.2 0.3
1

0o 01

2.Uniform distribution X ~ U[a, b]

,X €[a,b]

1
X v.a. with density function: fy (x)=1b-a . X has the mean M(X) = (a+b)/2 and dispersionD(X) = (b —a)?/12.
0

n rest
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3. Exponential distribution X ~ Exp(4,«)

1 X«
X r.d. with density function functia: fyx(x) = {Ze Poaxzad>0
0 in rest
X has the mean M(X) = 1+« and dispersion D(X) = 22. Remark: Exp(1,0) = Exp(A).

Negative exponentional distribution

X has density function: f(x) = e ~**, xe[0,00), A>0,

l—e ™% x>0

oredf F(x) = PIX <x] = {O otherwise

a 10 12 EXp(l)
4. Weibull distribution X ~W («, B)

X r.d. having density function: fy (x) = aBxf-te~(@")
with mean M(X) = A+« and dispersionD (X) = A2

P
[N
FPHFE
rEET
[N
LISy}
b in
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5. chi-square distributionX~x?(n)

xn/2—1 —x)2
X r.d. with density function: fy(x) = zn/Zr(ﬁ)e %20, and I'(p) = [ xP~le *dx
d. y Cfx = > , p) =), .
0 in rest .
1 ‘ I o I N I 1k i
i I I
08 : Jost : 1 osf :
06 : {ost : 1{ osl :
4 : q04r : 4 oat :
02t : Qo2 : 402t :
I I I
DD 5 10 ‘ 15 20 25 UD é 10 16 20 25 DD é 1ID 1‘5 20 I 25
c=1; n=0.5 n=5 n=10

6. Student distribution X~T(n) with n degrees of freedom
(%)

m—p(g)(”xf)

—(n+1)/2
X r.d. with density function: fx(x) =

Proposition: R T

04t | q04f I

For U, V two random variables such that '
U~N(0,1) and V~x2 then: | |

02 q02F

01 q01F

w=U//V/n-~T(n)

O | e—

2 4 B 8 60 -40 -20

n=5 n=1

20 40 60
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7. Fisher distribution with n, and m degrees of freedom X ~ F(n,m)

X r.d. with density function
N YA e A N :
() =T m (;1) <1+7> o | Jool :
r(zr) : |
0.4 : {04 :
03 i 403 |
02 ' {0zt [
01 : 1 01F :
DD 2 4 5 IB 10 12 14 DD 2I fll é g 10 12 14
F(5,9) F(5.1)

8. Beta distribution X ~ Be(a, 8), a>0,5>0

X r.d. with density function: uf BE - |

 x® (1 ox)f1 _ r@rp i — i

() =" ap ¥ € O uB(@B) =00 | uhl
a ab e \ .
M(X)= —— , Var(X)= AN
%) a+b ) (a+b)*(a+b+1) 1N NS

0 01 02 03 04 05 06 07 08 09 1

9. Gamma distribution G(a,b) , a>0,b>0.

Xb—le—axab

I'(b)
For b=1 one obtain exponentioal distribution Exp(a).

X r.d. with density function: f, (x) = , x>0 with M(X)=b/a ; Var(X)=b/a?.
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Discrete distributions

Binomial distribution X~Bi(p, n).
P(X =k) = Cip*(1 —p)**

M(X)=np ; Var(X)=npaq.

represents the probability with which an
event A is realized k times in a number n
(fixed) of samples in which the probability
of realization of A in each sample is p.

0.25
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Negative Binomial distribution
X~NB(r,p)

P(X=k)=Ck,_,p"q";k=0,1,2.....
M(X):r% ; Var(X):riz.

is the probability of having k failures
before the second success in a series of
Bernoulli tests (the result of each test
consists in the realization of an event A
with the probability p or of the event
opposite to it with the probability q).

Poisson distribution

X ~ Po(A).

M(X)=Var(X)=1 .

P(X =k) =

Akeg—2
k!

express the number of events that
result in property damage.
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The Moment generating Function (MGF)

bQ«F'/vu%Cm :

The mmement gey\m}n@ Function (fmgﬁ) o o Aandem VanabG
X 4 Mren é#"
H)( [f E ['e ] 3 fé/[Q

Theowm |
Tt the namcdom wvamalle X Hhas (he (rm%f) My (t) thew:
(R)
My o) [M/e}/ . ELRY)

L"; 26

The dewvadive of oder n 0 the (Mg(i) oypluobed of t=0 e
the value 'xﬁ the 2 rnement,
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Exam f
A
' O ’ % i l
X o ?o—(?;) WA Maé(&/fg mar %noﬁm«\ %(7('):: f"—? )f‘co/"»-'»
+Xx o0 '{*X il X 00 X i
Mx[é,)_,__ E[e ]= Z 3 e A . e--';\- Z_ (€ fﬁ,)
X=o X! = X|
2 < .
A e 4 Ale* -
Mx(f:): £ = € O
o
2({ \_4) € 2[‘6 -—()
T, M (8= 4 (e o HE &
t
1 2 Al —~ i N()
M, ) e k") ) Aeée)(e =1 o
de*

v

ELXT = M (o)= A
EYX*] = M! (o) A+ X
VAR (X)= ELX"]- (E[X])" -
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Examfy_éc £S

Lef X oo B ol (p> A uieon Wikl ﬁ/w«éa,(»{&'/:j Mk
'f[llAVlcgtch. ,f;(x)f_ { = P 5 t'.]f X=p0
P , »(;'a X =4

+X € A s
Then Hx({'):gfe ];e)i:(oA-F)Jre l 4? g (~<Pie b,

EXQ@& 3
Lt X N Brmevniod (p el uHon

Mx/{:)za—fbj-e{f)m
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Compund distribution
Let be X X, X nandom  Vanales .o d. that duscusbe

e same ol bigution %;wwm)(awg m  becomenr an integer
prrRive ond/ Kl aandom vaunble
e S = 3 X ome g M(s)a H(X) MON)
. D)2 M (X) -0 )+ D)NN)

7% NG M(N)=D*(N)= 2, M (N7 = A3 , ten:
Mes)= 2 M), ©*(s) =2 Mxd).
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