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Collection of exercises to practice the notation and the theorical contents of the unit. You can

search the solutions in the bibliography of the unit or ask for help through the forum of the unit.

Use the forum for each unit to share the solutions to the proposed problems with other students.
In these forums, all students can pose or answer questions. Peer collaboration is a very powerful

tool for improving abilities associated to problem solving.

Sets

Exercise 1. Given I = {3,4,5,6,7} where for each i € I, A, = {1,2,...,i} € U = Z*, calculate:
a) Uls 4, b) N7_;4;

Exercise2. GivenU =RandI=N,=N*=/{0,1,2,3,...} for each r € I, A, = [-r, 7], calculate:
a) U, 4y b) Nre 4y

Exercise 3. Given U = {1,2,3,4,5,6,7,8,9,10}, the sets are A = {1,2,3,4,5}, B = {1,2,3,4}, C ={1,2,3,4,7},
and D = {2,4,6,8}. Calculate the following sets:

a) AuB)ncC f) Au(B-10)

b) Au(Bn<C) g) B-C)-D

c) C°uD* h) B—(C-D)

d) (Cn D) i) AuB)—(CnD)
e) (AuB)-C

Exercise 4. Given A,B,C,D,E € Z and considering A ={2n,n€Z},B ={3n,n € Z},C = {6n,n € Z},
D={4n,n€Z}, E ={8n,n € L}

a) Indicate and justify which of the following statements are true and which ones are false:

) ECCCcA iv) DS B
i) ACCCcE V) DCA
i) BSD vi) D¢ C A€
b) Determine the following sets:
i) CNnE iv) BnD
i) BuD v) A€
i) AnB vi) AnE
Exercise 5. Given 4 =[0,3],B = 2,7), and U = R, determine:
a) AnB d) 44B
b) AuB e) A—-B
c) AC f) B-4

Exercise 6. Determine sets A and B with A — B = {1,3,7,11},B— A ={2,6,8} and Bn A = {4,9}.

Exercise 7. Based on the properties of set algebra (i.e., the laws of set algebra), simplify the following

expressions:
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a) An(B—-A4)
b) A-B)u(AnB)
c) ANB)UANBNC°ND)U(A°NB)
d) A°UB°U(ANBNCY
e) AAUMANBYUMANBNCHUMANBNCND)U ..
Exercise 8. Given the universal set U and the sets 4, B < U, sort the following lists of sets regarding
their cardinalities:
a) |AuB||Bl,19],1ANnB|,|U|
b) |[A-B||9|,|AAB|,|AUB||U|
c) |A— Bl 19l 14l 14| +|B],|A U B|
Exercise 9. Given the set of all people as universal set, A is the set of all the system analysts, B is the
set of all the accountants, C is the set all the women, and D is the set of all the people over 40 years old.
Express using the proper notation of the set theory the following sets:
a) The set of all the women who are both system analysts and accountants.
b) The set of all the men over 40 years old who are accountants.
c) The set of all the women under 40 years old who are system analysts and of all the accountants
who are under 40 years old.
d) The set of all the men under 40 years old who are accountants and who are not system analysts.
e) The set of all the men under 40 years old who are neither system analysts, nor accountants.
Exercise 10. Given the universal set U = {1,2,3,4,5,6} and subsets 4 = {1,3,4}, B = {1,4,6}, C = {1,3,5},
and D = {2,4,6}:
a) Calculate AUB,AnB,CuUDyC nD.How are the sets € and D with respect to U?
b) Calculate A¢, B¢, (A n B)¢, (AU B)¢
c) Check if the following expressions fulfill the DeMorgan’s laws:
i) (ANB)‘=A°UB°
i) (AUB)® =A°nB°
d) Check that the following expressions is verified: |A U B| + |[ANn B| = |A| + |B]
e) Check thatthe sets R=ANB5,S=A°NB,V=ANnBy W = (AU B)° form a partition of the U,
which contains all the previous sets.
Comment: Remember that a partition of a set X is a collection of sets {X;};;, where I is a set of indexes
that verifies:
) UeXi=X
i) X;NX; =0 sii#Vijel

Exercise 11. In each section, indicate and justify which expression is true and which expression is
false. There may be sections where both expressions are true or both expressions are false.

a) {x} < {x}or{x} € {x}
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b) {x} c {x,{x}} or {x} € {x, {x}}

c) P({x}) = {0, {x}} or P({x}) = {9, x}

d) P({x, (1)) = {0, (x} {x. 3} or P({x. () = {0, ({3}, (e (03})
Exercise 12. If X is a set of 5 elements:

a) How many members does P(X) have?

b) How many proper subsets doesX have?

c) Answer the previous questions if X is a set of n elements.
Exercise 13. Prove the following properties:

a) ACAUB

b) AnBcA

C) BCAS AUB=A

d) BSA2ANB=B

e A—B=ANnPB

fy ACBo B cA

Relations
Exercise 14. Given the binary relations over A=1{1,236}, (xr,y)ELox<y and xDy e

x dividesy(3n€Z,y=n-x).
a) Write Land D as sets
b) Calculate LnD
c) Both are partial orders. Check it and justifiably indicate which of them is a total order.
Exercise 15. Given the relation 4 = {(a, b), (b,a), (b,¢), (c,b),(c,d)} and B = {(a, 1), (a,3), (b, 2),(c, 2)},

calculate:
a) A-A71
b) (AcA)—(AcA™)
€) (AcA)UA
d) A-B

Exercise 16. H is a set of all people and P € H x H represents the relation “father”, which is expressed
as (x,y) € P(xPy) & x is the father of y. Define the relation “cousin” xPry e xisthe cousinof y,

through the relation “father”, its inverse relation, and the identity relation.
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Exercise 17. For all the following relations, indicate if they are or not reflexive, symmetric, transitive,
or antisymmetric. Indicate if some of them is an equivalence relation, a partial order, or a total order.
a) R; € Z?|xR,y « xdivides y
b) R; € H?|(x,y) € R; & xand y are brothers, where H is the set of all people.
c) R, S P(U)?*|(4 B) €R, © A C B,where U is the universal set.
d) R C H?|xRsy < x es hijo de y, where H is the set of all people.
€) R, S H?|xRyy © x has the same or less cardinality than y, where H is the set of all people.
f) R, C H?|xR,y < xis the wife of y, where H is the set of people.
Exercise 18.
a) From the equivalence relation of the previous exercise, indicate which are their equivalence classes
and their quotient set.
b) From the orders of the previous part of the exercise, indicate and justify if the orders are partial
or total.
Exercise 19. Each part of this exercises considers a relation over the set {1,2,3,4,5}. Determine if each
relation is an equivalence relation or not. If so, indicate the equivalence classes of the relation.
a) {(1,1),(2,2),(33),(44),(55),(1,3),(3,1)}
b) {(1,1),(22),(33),(44),(55),(1,3),3,1),(34), (43)}
c) {(1,1),(22),(3), (4.4}
d) {(1,1),(2,2),(33),(44),(55),(1,5),(51),(3,5),(53),(1,3), 31}
e) {(x,y) € 4% 4 divides (x — y)}
f) {(x,y) € 4%, 3 divides (x + y)}
g) {(x,y) € A% x divides (2 — y)}
Exercise 20. On R?, we consider the relation (x,y)R(w,z) @ x +y =w + z.
a) Prove that it is an equivalence relation.
b) Find the expression for the different equivalence classes.
c) How many elements does the quotient set of this equivalence relation have?
Exercise 21. Given the set 4 = {1,2,3,4}, determine if the following binary relations on A are equivalence
relations or partial or total order:
a) {(1,1),(2.2),(33), (4.4}
b) {(1.1)}
c) AxXA
d) {(1,1),(12),(21),(22),(44),(2,2)}
e) {(1.4,(12),(43)}
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Functions

Exercise 22. Given the setsX = {1,2,3,4} and Y = {qa, b, ¢, d}, determine if each of the following relations
fromX toY (R € X xY) are functions or not. If they are functions, calculate their images and indicate if
they are injective, surjective, or bijective. Obtain the inverse functions, whenever they exist, expressing
them as sets of ordered pairs. Indicate the domain and the image of the inverse functions.

a) {(1,a),(2,a),3,¢),(4,b)}

b) {(1,0),(2,a),(3,b),(4,0),(2,d)}

c) {(1,0),(2,d),(,a),(4D)}

d) {(1,d),(2 d), 4 a)}

e) {(1,b),(2,b),(3,b), (4 b)}

Exercise 23. Given the function f = {(a, b), (b, a), (c,b)} from X = {a, b, c} to itself:
a) Write the following functions as a set of ordered pairs: fofy fofof.
b) Define f™ = sof

ofo.
n

Exercise 24. Given three sets X ={1,2,3}, Y ={a,b,c,d} , and Z = {w, x,y,z}, we define g:X - Y as
g={(1,b),(2,¢),3,a)}cXxY and f:Y - Z , such that f = {(a,x), (b,x),(c,2),(d,w)} S Y X Z.

a) Write f o g as a set of ordered pairs.

b) Indicate which type of function the following functions are:f,g y f o g, indicating their domains

and their images.

c) Calculate the inverse functions for the previous functions, whenever they exist, and write them as

sets of ordered pairs.
Exercise 25. Given the set of natural numbers N and A, = {1,2,...,p} € N, determine which of the
following functions are injective, which ones are surjective, and which ones are bijective, Justify your
answers:

{ L if j is even
a) fZ-Zf() =172
> if j is odd

b) f:N - N|f(x) = greater integer < Vx
C) f:Ag - Aglf (x) = remainder of dividing 3x by 7
d) f:A; - A;]f(x) = remainder of dividing 3x by 4
e) :NXN-N|f(x,y) =x+7y
f) g:NXN->Nf(x,y)=x-y

Exercise 26. Prove that the following property by reductio ad absurdum: A x @ = @
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