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Homomorphisms and Isomorphism

A function f : (R,+,.) = (R, +/,./) is called a ring
homomorphism if
f(a+ b) = f(a)+ f(b)
f(a.b) = f(a)."f(b)
One can show that ker(f) ={a€ R | f(a) =0} = f_l(O) is a
subring of R and Im(f) = {f(a) | a € R} is a subring of R'.

If f is one-to-one and onto then f is called an isomorphism. If an
isomorphism exists between two rings R and R’ we say that these
two rings are isomorphic and show it by R ~ R'.
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Assume that f : (R, +,.) = (R',+/,.) is a ring homomorphism
with ker(f) = H. Then the set of additive cosets of H, shown by
R/H becomes a ring, called the factor ring or the quotient ring, by
binary operations defined as below:

(a+H)+(b+H)=(a+b)+H
(a+ H).(b+ H) = (a.b)+ H

In this case, the function ¢R/H — Im(f) defined by
¢(a+ H) = f(a) is an isomorphism; hence R/ker(f) ~ Im(f).
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Ideals

An addative subgroup / of a ring R is called an ideal if
al CI, IbC I, foralla,beR

. This is shown by | < R.

Example 1: nZ <7 (why?)

Example 2: If f : (R, +,.) = (R',+/,./) is a ring homomorphism,
then ker(f) < R.

Example 3: A field F has only two ideal: the trivial ideal {0} and
F itself. (why?)
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