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Warm up

- Some questions that you can answer:
1. What is the order of an/a ODE/PDE?
What is a linear ODE/PDE?

What are the initial conditions?
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3

4. and boundary conditions?
5. What is their difference?
6

Why are they needed?

> WWW.usj.es




universidad
V£
SANJORCE ST

Introduction

 Limitations of ODE models

— Deviations between an ODE model and data may indicate that
its state variables depend on more than one variable

— It may be appropriate to use PDE models instead
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Introduction

« PDE models involve derivatives with respect to at least
two independent variables,

« As a whole, PDEs are a really big topic.

« There are many different subtypes of PDEs, which need
specifically tailored nhumerical procedures for their
solution.

 In this chapter you will learn the main theoretical
concepts about them and how to solve numerically two
subtypes: the parabolic and the hyperbolic equations.
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Problem 1

« Consider the cylinder in the figure.
e Assuming:
— a perfect insulation of the cylinder surface in 0 < x <1,

— constant temperatures in the yand zdirections at time £ = 0,
that is, no temperature variations across transverse sections,

— a known initial temperature distribution T;(x) at time £= 0,

— and constant temperatures T, and T; at the left and right ends
of the cylinder for all times ¢ > 0,

What is the temperature T(x, t) for
x€(0,1)and te (0,T]?
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« Referring to the configuration in the figure and assuming:
— constant temperature T, at the top surface of the cube (z = 1),
— constant temperature T, at the sphere surface,
— and perfect insulation of all other surfaces of the cube,

What is the stationary

temperature distribution

T(x,y, z) within the cube

(i.e. in the domain [0,1]3\S z ‘

if S is the sphere)? /
y
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The heat equation

« To solve these problems, we need an equation that
describes the dynamics of temperature as a function of
space and time:

oT K(OZT d%T 62T>

ot Cp \ 0x? * dy? * 022
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SANJORGE Y& Partial Differential
Equations

« They involve partial derivatives of a function with respect
to at least two independent variables.

It can be generalized to several unknowns, vector-valued
unknowns, and systems of PDEs

« The order of a PDEis the degree of the highest
derivative appearing in the PDE

« Most PDEs used in science and engineering applications
are first- or second-order equations
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 General form of a first-order PDE in two dimensions:

F(x, v, U, ux,uy) =0

* Where:
— x: first dimension
— y:second dimension
— u: unknown function
— u,.: partial derivative of the unknown function with respect to x
— u,,: partial derivative of the unknown function with respect to y
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Second-order PDEs

* General form of a second-order PDE in two dimensions:

F(x, Y, U, Uy, Uy, Uy, Uxy, uyy) =0

* Where:
— u,,: partial derivative of the unknown function with respect to
X two times
— Uyy: partial derivative of the unknown function with respect to
xandtoy
— uy,: partial derivative of the unknown function with respect to
y two times
10 www.usj.es



SANJORGE Y& Elliptic, Parabolic, and
Hyperbolic Equations

« The general form of a linear second-order PDE in two
dimensions is:

AUy +B-uUyy +C-uyy +D-uy +E-u, +F=0

« Depending on the sign of the discriminant
d =A-C — B?

linear second-order PDEs are called:
— ellipticit d >0

— parabolicif d= 0

— hyperbolicif d <0

11 WWWw.usj.es
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Parabolic Equations

oT K (0°T — 0
ot Cp\ox2/)

K02T+062T+082T+00T+6T+0_0
Cp0x? ~0xdt  0t2 ~odx 0t B

« Heat equation:

K

A=——
Cp

B=0 c=0 D=0 E=1 F=0

d=A:-C—B? =0= Parabolic
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SANJORGE ¥/ Examples of
Parabolic Equations

 Action potential propagation in a fiber:

oV, 02V,
Cma—;n—a ax;n +1,, =0
0%V, 4%V, 0%V,  aV, v,

+ 00—+ 0=+ 0=+ C

9%z TV oxat T or2 ox | "™ ot

+ lion = 0

A=-0 B=0 C=0 D=0 E=Cpn F=lIy,

d=A-C—B?=0= Parabolic
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Elliptic Equations

« Laplace Equation:
0°u N 0°u 0
dx2  0y?z

0%u 0°u  0%u ou ou

—+0 0—+0—+0=0
6x2+ 6x6y+6y2+ 8x+ 8y+

d=A-C—B?%=1> Elliptic
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SANJORGE ¥/ Examples of
Elliptic Equations

« Bidimensional Heat Equation in equilibrium (Z—Z = 0):
oT B K 62T+62T R 62T+62T
dt Cp\ox2  0y? dx?  0y?

a2T+0 o°T +62T+06T+06T+0—0
dx2  oxdy dy? “dx dy

d=A-C—B?%=1> Elliptic
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SANJORGE ¥/ Re-Cap of the
Classification

« Elliptic PDEs: Contains second-order derivatives with
respect to all independent variables, which all have the
same sign.

« Parabolic PDEs: Involve one second-order derivative
and at least one first-order derivative.

« Hyperbolic PDEs: Similar to Elliptic but the second-
order derivatives have switching signs.
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saisorcey<  Boundary Conditions
for Elliptic PDE's

« Dirichlet: u provided along all of edge

Z—;‘?‘ provided along all of the edge 1 =

{x,y, z, ...} (derivative in normal direction)

* Neumann:

- Mixed: u provided for some of the edge and Z—;‘ for the
remainder of the edge

Elliptic PDE's are analogous
to Boundary Value ODE's
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saisorcey<  Boundary Conditions
for Elliptic PDE's

u(x,y =1) or cu/dy given on boundary

Estimate
u(x=0.y) o) u(x=Ly)
or or
y  ou/dx from ou/ox
given Laplace given
on Equations on
boundary boundary
u(x,y =0) or cu/ov given on boundary
Xi
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SANJORGE Y& Numerical Methods
for Solving PDEs

« The numerical methods used for solving PDE's are
different depending on the different character of the
problems.

— Sometimes, the problem is solved at all the positions once for
steady state conditions

— Other times, we need to integrate using the initial conditions
forward through time.
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SANJORGE Y& Numerical Methods
for Solving PDEs

« Methods

— Finite Difference Method (FDM): Based on approximating
solution at a finite # of points, usually arranged in a regular
grid.

— Finite Element Method (FEM): Based on approximating
solution on an assemblage of simply shaped (triangular,
quadrilateral) finite pieces or "elements".

— Method of Lines: valid for PDEs that are formulated as an
initial-value problem in one of its variables. Based on a
reformulation of the PDE in terms of a system of ODES or
differential-algebraic equations.
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SANJORGE ¥/ Finite Difference
Method

« Based on approximating solution at a finite # of points,
usually arranged in a regular grid.

 Similar to the Forward Euler integration: derivatives are
approximated using the difference between two points
with an small separation
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« Solve all at once

« Liebmann Method:

— Based on Boundary Conditions (BCs) and finite difference
approximation to formulate system of equations

— Solve the system of equations

22 WWW.usj.es
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» Discretize domain into grid of evenly spaced points

 For nodes where u is unknown:
azu _ ui_llj — Zui,j + ui+1,j

Ox2 Ax?2
0°u U1 72Ut Uy
dy? Ay?

— with Ax=Ay = h, substitute into main equation:
0%u  0%u  Uiqj— 2uij + U FU o1 —2U 5+ Ui
axz dy2 h2
« Using Boundary Conditions, write, n*m equations for u(xi=1:m,
Yi=1:n) OF n*m unknowns.

« Solve this banded system with an efficient scheme.

23 WWW.usj.es
.



universidad J‘_

SURYEST  Solving Elliptic PDE’s

- Example: Heat equation under steady-state conditiosn

T =100
y A
O O O
13 23 3,3
T=0 O O O T =100
12 2,2 3,2
O O O
11 2,1 31
T=0
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- Example: Heat equation under steady-state conditiosn

T =100
y A
O O O
13 23 3,3
T=0 O O O T =100
12 2,2 3,2
@ @ O
11 2,1 31
T=0
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- Example: Heat equation under steady-state conditiosn

T =100

y A

1,3 2,3 3,3

O T =100

3,2
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SAYRREST  Solving Elliptic PDE's

- Example: Heat equation under steady-state conditiosn

T =100
y A
O
13 23 3,3
T=0 O O T =100
12 2,2 3,2
O O O
11 2,1 31
T=0

WWW.USsj.es

v
=

27




WWW.USj.es

universidad Camnpus Universitario Villanueva de Gallego
SA NJORGE g‘k Autow. A-23 Zaragoza - Huesca, Km 299
r E08Z0 = Villanucva do Gillogs » Zaragoza
GRUSD SANVALERG T. (34 975 0G0 100 - F. (34) 976 077 581



	2. Solving Elliptic PDEs with R
	Warm up
	Introduction
	Introduction
	Problem 1
	Problem 2
	The heat equation
	Partial Differential Equations
	First-order PDEs
	Second-order PDEs
	Elliptic, Parabolic, and Hyperbolic Equations
	Examples of �Parabolic Equations
	Examples of �Parabolic Equations
	Examples of �Elliptic Equations
	Examples of �Elliptic Equations
	Re-Cap of the Classification
	Boundary Conditions �for Elliptic PDE's
	Boundary Conditions �for Elliptic PDE's
	Numerical Methods �for Solving PDEs
	Numerical Methods �for Solving PDEs
	Finite Difference Method
	Solving Elliptic PDE’s 
	Solving Elliptic PDE’s 
	Solving Elliptic PDE’s 
	Solving Elliptic PDE’s 
	Solving Elliptic PDE’s 
	Solving Elliptic PDE’s 
	Número de diapositiva 28

