Season 1: ODE’s analytical solution

Marta Gomez Gomez

1. Introduction

1.1. First definitions

A ordinary differential equations (ODE) is an equation that relates a variable
x, a function of that variable y(z), and the derivatives of that function. In general,
it can be expressed like this:

F(x7 y? y/7 A 7y(n)) - 0
with = the independent variable and y the dependent variable
y"(x) +2y/(x) + 3y(z) =0

The order of an ODE is the highest order or degree of derivation that appears
in the equation.

» " +y-y =0, ODE of order 2.

» g2 +9y”-y" =2?  ODE of order 3.

» (y)2=y, ODE of order 1.

If we have to solve several ODEs at the same time, they form a system of differential equations.

F(:E7ya y/’ c e 7y(n)) = 0
G(x7 y? y/7 A 7y(n)) = O

An ordinary differential equation F(z,y,v/,...,y"™) = 0is linear if F is linear
in the variables v, 7/, ...,4"™. The general ODE of order n es:

an(2)y"™ + a1 (2)y" Y + - 4 ar(2)y = g(2) (1)

An equation that is not of the above form is nonlinear.
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» ' +y = €” linear equation.

s ¢y’ + 2siny = 0 nonlinear equation.

1.2. Solution of an ODE

A solution of an ordinary differential equation

F(z,y,y,....y™) =0
is a function y = z(z) that verify:
=y = 2(z) € C"([a,b]),

» Verify the equation:

For example:

= y(z) =1 is a solution of the equation y' = =.

» y(x) = e” is a solution of the equation 3’ = 3e” — 2y.

In general, an ordinary differential equation can have more than one solu-
tion,even infinite solutions represented by a single expression containing constants.
This expression is called general solution. If specific values are assigned to the con-
tants, the solution obtained is a particular solution.

Finaly, it is said that we have an Initial Value Problem (IVP) of order one,
if in addition to the ordinary differential equation, we have some complementary
condition at a single point,

y = flz,y)
y(@o) = vo
If the conditions are given at different points, it is a Boundary Problem (CVP).

y =3y y'+y =0
v {y<o> —o VY {y<o> —0,y(1)=0




2. ODEs of first order

2.1. Separate variables

The general form of these equations is:

y = f(x)g(y)

To find the general solution we have to do:

%—f( )g(y)ﬁg(y) f(x)d

/%:/f(x)daﬂ—c

Observation: Tt is assumed that g(y) does not cancel at any point in the interval
of integration of y.

Example.

y(z)=(1+y*)x

dy
[ v [wre
x? x?
arctan(y) = ) +C & y=tan (? + C’)
Exercise.
72 2

d
P R

dy =10

2.2. Homogeneous equations

The form of these homogeneous equations is ¢’ = f(x,y) where we can express
f(@,y)as y = F(2).

To transform the given equation into an equation of separate variables, we have
to do the change of variable: y(z) = u(x)x. Specifically, it becomes:

i () = F(ul—u

Observation: M (x,y)dz + N(x,y)dy = 0 is homogeneous of grade n if M (z,y)
and N(z,y) are both homogeneous of the same degree.



Similarly, if the equation can be expressed in the form vy = G(z/y), change
z(y) = u(y) - y will be made.

Example.
(2% + y*)dx — 3zy*dy =0

The equation is homogeneous of grade 3. If we do the change y = uzx, dy =
udx + xdu, we have:

(2° + v*2®)dw — 3xu’s* (udx + xdu) = 0
22 (1 +u® — 3u®)dr — 3z*u’du = 0
(1 —2u)dz — 3zudu = 0

If # # 0, and 1 — 2u® # 0,

dz 3u*du
T 1-2u8
log]x\+%log|1—2u3| = Ce&
2log |z| +log |1l —2u*| = C) &
21— 20| = O

Exercises.

xdy — (y + /22 — y?)de =0

/ —_—

y = —exp(y/z) +y/x
(z — y)ydr — 22dy = 0

2.3. Linear equations
A first order linear equation is one that can be expressed as follows:
ar(x)y’ + ao(z)y = b(x)

where ag(x),a;(z) and b(x) depend only on the independent variable x, and

not on y.
If it is assumed that ag(x),a;(x) and b(x) are continuous in an interval and
ai(x) # 0 in that interval, dividing by a;(z) we have:

Yy + P(z)y = Q(x)

where P(x) y Q(z) are continous functions in the integration interval.
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Thus, they are equations of the form: ' + P(z)y = Q(x)

The general solution is:

exp (— / (P(m)dm) {o+ / O(x) - exp( / P(m)dm)]dm}

Example. The equation

x?sin(z) — y cos(z) = sin(z)y

/
is linear, because it can be written as:

(sinz)y’ + (cosx)y = 2?sinx
However, the equation

vy + (sinz)y® = exp(z) + 1

is non-linear.

Therefore, the general expression of the solution is:

y(x) = yn(x) + yp(2)
where y;(z) is the solution of homogeneous equation and y,(x) is the particular
solution.

Homogeneous problem

v + P(z)y =0
y/+P(x)y:O:>/C;—y+/P(x)da::0
Iny — —/P(x)dx—IrC N
exp(lny) = exp(— / P(2)da) - Cy

yp(z) =C - exp(—/P(x)dx)

Particular solution We consider functions of the form:

(@) = V(z) exp (— / P(a:)d:v) .
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y,(x) = V'(x) exp (- / P(x)dx) — V(x)P(x) exp (— / P(a:)da:)
The solution must satisfy the equation, so

V'(z)e I F@E v (2)P(z)e™ I PO® L V(2)P(z)e™ I PO® = Q(x)
and simplifying,

Vi(@)e I PO = Q(a) = V(@) = el PO Q)
Viw) = [ Qayel ",
So,
(o) =exp (~ [ Plarae) [ Qyexn( [ Plajaa)is

General solution

Mx)zyh+yp=63fP“”“{C+1/Kﬂx%€f””“kM}
Example.
y +y=a’
P(z) =1 and Q(x) = 2?
y(z) = e Jd {C + /xzefdxdx} =e *C+ e‘”/xZef”dx

Applying integration by parts (twice):

U:$2 uU=x
/SBQGIdZE = [ggfgﬁgg} = x26x—2/$exdx = [dﬁ;ﬁgm] = xQex—Q(xex—/ e*dr) = (2*—21+2)e"+K

v=e v=eZl

y(x)=C-e "+ a2 — 22+ 2

Exercises.
(2% + 1)y + 3wy = 6z
y(0) =1
2%y + xy = sinx
y(1) =2



2.4. Exact equations
Let P(z,y) and Q(z,y) be two continous real functions defined in a domain D

of the euclidean plane.

The differential equation
P(z,y)dz + Q(z,y)dy =0

is exact if there is a real function F(x,y) defined in D, of class C'") such that in
said domain:

OF (z,y) OF (x,y)

e (z,y), 9 Q(z,y)
The general integral is F(x,y) = C.
So, exists a real function F'(x,y) defined in D such that % = P(z,y), %z”y) =

Q(z,y).

Integrating with respect to = in the first equality:

F(r,y) = /P(:c, y)dz + ¢(y) = R(z,y) + ¢(y).

Deriving with respecto to vy,

OF (z,y)  O0R(z,y)
dy Oy

+¢'(y) = Q(z,y).

This last equality allows us to determine ¢(y) and write the general integral in
the form F(x,y) = C.

Example.

(ycosw + 2z - e¥)dx + (sinx + 2%e¥ 4+ 2)dy = 0

‘?d—lgzcosz+2xey}:>ap_@

% = Ccos T + 2xeY Oy  Ox

es is exact differential and therefore exists F'(x,y).

Flay) = / P, y)dz+ dly) = / (y cos o+ 2ae¥)dn+ $(y) = ysinz + 22+ B(y),

Then, it is necessary that:



OF
Qz,y) = o sinz + 2%e? 4+ ¢/ (y) = sinx 4 2%e¥ + 2,

so that
Py)=2=9¢y) =2y +C

and
F(z,y) = ysinz + 2%e¥ + 2y + C

Therefore, the solution is:
ysinz + 22 +2y = C

Example.

It is exact because:

oy
Flay) = [ Ple)is + () /—das+¢ +oly)
OF  —3x%y? Yy — 3w
Q T,y a + (bl Yy )
(@) =G5 = k) =
—3x%y 1 32
7 + ¢'( )_E_y_ o (y) = =,
so that ¢(y) = —1/y + C, being F(x,y) = % - i C' and therefore the solution
is:
2
A
Y Y

Exercise.
(2zy — sec®(z))dz + (2° + 2y)dy = 0

Prove that (z + 323 siny)dx + (2! cos y)dy = 0 is not exact, but multiplying by
factor z7! | gives an exact differential.

oP
P(z,y) = o + 32° siny = 50 = 32° cosy
Y

0
Q(z,y) = 2*cosy = 8_Q = 423 cosy
x

so it is not exact.



Multiplying by 71,

(1 + 32*siny)dz + (z° cosy)dy = 0,

oP
— =32cosy = —

dy ox

and now it is exact.

F(z,y) = /(1 + 3z?siny)dz + ¢(y) = x + 2°siny + ¢(y)

v’ cosy + ¢'(y) = 2 cosy = ¢ (y) = 0= o(y) = C,
obtaining
F(z,y) =2+ 2*siny + C

The factor 27! is called integrating factor.

2.5. Bernoulli equations

Bernoulli equations are equations of order one that can be expressed as:

n

Y +p(x)y = q(x)y

where p(z) and ¢(x) are continous in an interval (a,b) and n is a real number.

If n = 0 or n = 1, the equation is linear and can be solved as prevously
indicated. For the rest of the values of n, the variable change

u=1y

transforms the Bernoulli equation in a linear equation.

Verification of variable change

Dividing the initial equation by ", we have

y "y + ple)y' ™" = q()
The change u = y'™™ — v’ = (1 —n)y "y
So,
1
o pla)u = gfa)

that is linear.



Observation y = 0 is always solution for n > 0.

Example
y+y=y'
n=4,p(r)=1and q(z) =1
Suppose y(z) # 0,
y Y 4y =1 sy U —3u=—3

that is linear and its solution is u = 1 + Ce(~3%)

So, the solution is:
1
—3 =1 + 06_3z

Y

Exercises. 5
/ _ 5 _ _ 3
Yy Yy 2559

+y3

P Y
y__
€T

3. Linear ODEs of order n

Finally we are going to study differential equations of order n. These equations
are like this:
Yy (@) + ary" () + -+ any(a) = f(z)
where the coefficients a; are constants and f(z) are real and continuous functions
in [zg, z1].

There are different types:

» If f(z) =0, it is an homogeneous equation

» If f(x) # 0, it is an nonhomogeneous equation (or complete).

3.1. Homogeneous equation

First, we are going to see how to solve homogeneous linear equations of order
n. That is, equations of the following form:

(@) +ay" (@) + o+ any(r) =0
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We define as characteristic polynomial of the equation y"(z)+a1y™ *(z)+- -+
a,y(x) = 0 the polynomial g(A) = A" + a; A" ' + -+ + a,,.
On the other hand, we define characteristic equation to:
M+ a A"+t a, =0

The solution of the homogeneous equation is related to the solution of the
characteristic equation.

If we solve the characteristic equation, we can obtain simple real solutions, real
with multiplicity greater than one or complex. The solution to the equation will
depend on what the roots are like.

1. If we have a real root \g € R, the solution will be of the form:
yi(z) =e

2. If the polynomial has a real root A\; € R of multiplicity greater than one, for
example two, we will have two solutions of the form:

Az

yi(z) = e, ya(z) = ze

3. If we have two complex conjugate roots, \y = a+ i, Ao = a—[i;a, € R,
the solutions will be of the form:

y1(x) = cos(Bx)e™,  yo(z) = sin(Bz)e™”

The final solution of the homogeneous equation will be a linear combination of
the system of independent solutions previously obtained.

Example.
y' —y =20y =0

1. The characteristic polynomial is g(\) = A\? — X\ — 20.

2. We calculate the solutions of ¢(\) = 0. A =1+ 80 = 81 > 0 There are two
different real solutions: \; = —4 and A\, = 5.

3. The independent solutions are:

yi(z) = e, yy(x) = .
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4. Therefore, we do a linear combination and the final solution is:
y(x) = Cre™* + Cye™,

with C and C5 arbitrary real constants.

If we want to find the solution of a complete equation, we have to calculate a
particular solution,in addition to the homogeneous one. We are going to do it with
the method of indeterminate coefficients.

3.2. Method of indeterminate coefficients

To solve the following linear equation of constant coefficients
Y™t anay™ Y o ay + ag = f(a),

the functions f(x) have to be as follows:

a polynomial, f(z) = P,(z) = b,a™ + - - - + byx + by,

= an exponential function, f(z) = ae®®,

a sine function, f(x) = asin(b- z) or a cosine function, f(x) = acos(b- )

= an additive or multiplicative combination of the others.

Depending on the expression of f(z), one of the solutions proposed in the
following table is chosen, with indeterminate coefficients that must be adjusted
later.

independent term f(z) | solution type y,(z) root
a o 0
az™ ap+ a1z + -+ -+ apa = Py (x) 0
P,(x) g+ o+ - 4 ™ 0
ae e b
P, (x)eb” (g + o + -+ + az™)ed® b
asin(bx) acos(bx) + [ sin(bx) +ib
a cos(bx) a cos(bx) + [ sin(bx) +ib
ce sin(br) (acos(bx) + Bsin(bz))e™” a+ib
ce™ cos(bx) (acos(bx) 4 Bsin(bx))e™” a =+ b
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Observation. If the independent term f(z) has a root that coincides with one
of the roots of the characteristic equation, with multiplicity m, the solution is that
of the table multiplied by z™.

Example.
y// + 2y/ + y = 1,26335

1. Function f(x) has a root in A = 3, which does not coincide with those of the
characteristic polynomial (g(A) = A2 + 2\ + 1 = (A + 1)?).

2. This function f(x) is of the type "power"by .*ponential", so:

Yp(x) = (ap + a1z + agzL’Q)e?"'”.

3. Deriving and substituting in the differential equation, we have:

[(16ag + 8ay + 2as) + (16a; + 16as)z + 16a9x?]e®™ = x?e™.

4. We match the proposed terms with the real values of the coefficients in the
given equation,

16ag + 8a; + 2a, = 0
16a; + 16as = 0
16ay = 1

5. Solving: ay = 1/16,a; = —1/16 y ag = 3/128.

6. The particular solution is:

RS
yp(x)_(us 16x+16$>6

Exercise.

When the independent term is sum of functions f(z) = fi(z) + --- + fr(x),
each particular solution is calculated separately and added by the superposition
principle.

The general solution of a complete equation is formed by calculating the ho-
mogeneous solution yy(z), the particular ones and adding them. That is to say:

y(@) = yn(x) + yp (2) + - - + ypr(@),
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Example.
y/// + 2y// . 4?/ o 8y — erm
The general solution is y = yp, + yp.

The associated characteristic polynomial is g(A\) = A\* +2A* — 4\ — 8, and their
roots are \; = 2,Ay = —2 double. So, the homogeneous solution is:

yp(z) = C1e% + Che™ % 4 Cyre

On the other hand, the independent term is b(z) = ze**, a = 2, b = 0.

As a = 2 is root of the characteristic polynomial with multiplicity s = 1 =
yp(x) = xe®* (a0 + Bz)

Deriving successively:

yp(r) = ae® + 2axe™ 4 2fxe* + 2[x%e*
v, () = dae® + daxe®™ + 2[e** + 8fxe*™ + 4z e
v, () = 120€®® 4 8awe®® + 123e** + 24Fxe® + 832

Substituting into the equation and grouping:

160e® + 40pze*® + 163e*® — 85 = xe**,

(16 + 163)e* + 32Bwe* = ze®.
Solving:

1 —1

1 1
=C 2z C —2x C -2z 2z 2 2z
Y 177 + Cae + Csxe —32xe + —321;
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3.3. Cauchy’s problem

The general solution of an linear EDO depends on several arbitrary constants
C; € R. To determine these constants, we have to impose additional conditions. If
the conditions are at the same point, we have an Initial Value Problem, also called
Cauchy’s problem.

Example.

"9 _
pvi=Y —2 oy ,O
y(0) =2 y'(0) =0

1. We calculate the characteristic polynomial, g(\) = \* — 2\ + 5

2. Tts roots, (A =4 —20 = —16 < 0) are complex conjugated: \; = 1+ 2i y
Ao =1-—2i

3. The general solution is
y(x) = e*(Cy cos(2z) + Cysin(2x))
4. And imposing the initial conditions:

y'(O) = O:>202+01:0

So, we obtain C; =2y Cy = —1.

The final solution of the Cauchy’s problem is:

y(z) = e”(2cos(2x) — sin(2z)).
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